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STABILITY OF SOLUTIONS OF CERTAIN EXTENDED RICCI
FLOW SYSTEMS
MICHAEL BRADFORD WILLIAMS
Abstract. We consider four extended Ricci flow systems—that is, Ricci flow
coupled with other geometric flows—and prove dynamical stability of certain
classes of stationary solutions of these flows. The systems include Ricci flow
coupled with harmonic map flow (studied abstractly and in the context of Ricci
flow on warped products), Ricci flow coupled with both harmonic map flow
and Yang-Mills flow, and Ricci flow coupled with heat flow for the torsion of
a metric-compatible connection. The methods used to prove stability follow
a program outlined by Guenther, Isenberg, and Knopf, which uses maximal
regularity theory for quasilinear parabolic systems and a result of Simonett.
1. Introduction
A fundamental problem in the study of differential equations is to determine
the asymptotic behavior of solutions of a given equation. This problem is central
to the application of differential equations to Riemannian geometry. For example,
Eells and Sampson demonstrated the existence of harmonic maps by proving that
solutions of the harmonic map flow converge [7]. Hamilton placed strong restrictions
on the topology of three-manifolds admitting positive Ricci curvature by proving
that solutions of Ricci flow converge to space forms [9] (see also [2, 10]).
One way to phrase this problem is in terms of stability of stationary solutions of
the system of equations in question: do solutions with initial data near a fixed point
converge to that fixed point? For Ricci flow, whose fixed points include Einstein
and Ricci-flat metrics, there are many stability results.
To mention a few of these results in the compact case, Ye proved that Einstein
metrics with certain curvature pinching properties are stable [29]; Guenther, Isen-
berg and Knopf proved that certain flat and Ricci-flat metrics are stable [8], and
some of these results were improved by Sˇesˇum [20]; using the results of Sˇesˇum,
Dai, Wang, and Wei proved that Ka¨hler-Einstein metrics with non-positive scalar
curvature are stable [5]; Knopf and Young proved that hyperbolic space forms are
stable [12]; Wu proved that compact quotients of complex hyperbolic spaces are
stable [28]. We should note that these authors use various techniques and obtain
stability relative to various topologies on the space of metrics.
The purpose of this paper is to describe the stability of solutions of certain
extended Ricci flow systems, which arise in various geometric contexts involving
Riemannian manifolds with additional structure, and to show that techniques for
proving stability of Ricci flow solutions (due to Guenther, Isenberg, and Knopf [8])
apply to a wider range of flows. First, we consider Ricci flow coupled with the
harmonic map flow; see Section 2. If φ : (B, g) → (N , γ) is a map of Riemannian
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2 M. B. WILLIAMS
manifolds, harmonic-Ricci flow is the coupled system
(1.1)
∂tg = −2 Rc +2c∇φ⊗∇φ
∂tφ = τg,γφ
where τg,γφ is the harmonic map Laplacian of φ, ∇φ ⊗ ∇φ = φ∗γ, and c is a
(possibly time-dependent) coupling constant. This was introduced by List in the
case N = R [14], and the general case was addressed by Mu¨ller [18]. This flow
appears naturally in certain situations; see Section 2.1 for examples.
We will demonstrate the stability of fixed points (g, φ) of a modified version of
(1.1), where φ is constant and g is a strictly linearly stable Einstein metric. For
this and the other flows in this paper, we assume linear stability of a metric with
respect to the following linear operator on symmetric 2-tensors on (B, g):
(1.2) L0h := ∆`h+ 2λh
where ∆` is the Lichnerowicz Laplacian and λ < 0 is specified (usually as the
Einstein constant of a metric). Linear stability means that there exists  > 0 such
that, for all symmetric 2-tensors h taken from some appropriate tensor space,
(1.3) (L0h, h) ≤ −‖h‖2,
relative to the L2 inner product induced by g.
Theorem 1.4. Let φ : (Bn, g) → (N , γ) be a map of Riemannian manifolds.
Suppose that M is compact and orientable, g is a strictly linearly stable Einstein
metric, and φ is constant. Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that
the following holds.
There exists a (1 + θ)-little-Ho¨lder neighborhood U of (g, φ) such that for all ini-
tial data
(
g˜(0), φ˜(0)
) ∈ U , the unique solution (g˜(t), φ˜(t)) of curvature-normalized
harmonic-Ricci-DeTurck flow (2.4) exists for all t ≥ 0 and converges exponentially
fast in the (2 + ρ)-Ho¨lder norm to (g, φ∞), where φ∞ is constant.
Second, we consider Ricci flow on warped products; see Section 3. Warped
products of the form R× Fm, where Fm is a positively-curved Einstein manifold,
were used by Simon to construct metrics with pinching singularities [21]. More
recently, Lott and Sˇesˇum studied Ricci flow on compact warped products M3 =
B2 × S1 and proved several stability-type results [17]. Tran also considered Ricci
flow on warped products Bn ×Fm where F is Ricci-flat [25].
We will study Ricci flow on multiply-warped products. Specifically, fix an integer
m > 0 and let (B, g) and (Fα, gα) be Riemannian manifolds with dimB = n and
dimFα = nα, and let φα ∈ C∞(B), where α = 1, . . . ,m. Define the following
product manifold and multiply-warped product metric,
M := B ×
m∏
α=1
Fα, g := g +
m∑
α=1
e2φαgα.
We will assume that each fiber factor is µα-Einstein. On (M,g), Ricci flow is the
coupled system
(1.5)
∂tg = −2 Rc +2
∑
α
nα dφα ⊗ dφα
∂tφα = ∆φα − µαe−2φα α = 1, . . . ,m
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which can be interpreted as a modified version of (1.1) where the target is Rm. Not
surprisingly, the behavior of solutions depends strongly on the signs of µα. When
µα ≤ 0, we obtain a result similar to Theorem 1.4 above.
Theorem 1.6. Let g = g +
∑
e2φαgα be a multiply-warped product metric on
M = B×∏Fα, where Bn is compact and orientable and (Fnαα , gα) is µα-Einstein.
Suppose that g is a strictly linearly stable λ-Einstein metric, each φα is constant,
and each µα equals either λ or 0. Then for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1)
such that the following holds.
There exists a (1 + θ)-little-Ho¨lder neighborhood U of g such that for all initial
data g˜(0) ∈ U , the unique solution g˜(t) of curvature-normalized multiply-warped
product Ricci-DeTurck flow (3.16) exists for all t ≥ 0 and converges exponentially
fast in the (2+ρ)-Ho¨lder norm to g∞ := g+
∑
e2(φα)∞gα, where (φα)∞ is constant.
In particular, if µα = λ, then (φα)∞ = φα.
Next, we consider locally RN -invariant Ricci flow ; see Section 4. This flow was
introduced by Lott as a means to prove that if (M3, g(t)) is a compact, Type III
Ricci flow solution with diameter O(
√
t), then the pull-back solution (M˜, g˜(t)) on
the universal cover converges to a homogeneous Ricci soliton [16]. For this, Lott
considered a class of “twisted” principal RN -bundles. Certain metrics on such
bundles RN ↪→ Mn+N → Bn can be represented locally as a triple g = (g,A,G),
where g is a metric on the base, A is an RN -valued 1-form corresponding to a
connection on M, and G is an inner product on the fibers. Ricci flow on these
locally RN -invariant metrics decomposes into a Ricci flow-type equation for g, a
Yang-Mills flow-type equation for A, and a heat-type equation for G:
(1.7)
∂tg = −2 Rc +1
2
∇G⊗∇G+ dA⊗ dA
∂tA = −δdA+ 〈∇G, dA〉
∂tG = τg,θG− 1
2
dA⊗ dA
Notation will be explained fully below. An important ingredient in the proof of
Lott’s theorem is a set of stability results for this system, proved by Knopf in the
cases N = 1 or n = 1 [11]. We extend some of those results to arbitrary dimensions.
Theorem 1.8. Let g = (g,A,G) be a locally RN -invariant metric of the form
(4.1) on a product RN × Bn, where B is compact and orientable. Suppose that g
is a strictly linearly stable λ-Einstein metric, A vanishes, and G is constant. Then
for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ)-little-Ho¨lder neighborhood U of g such that for all ini-
tial data g˜(0) ∈ U , the unique solution g˜(t) of curvature-normalized locally RN -
invariant Ricci-DeTurck flow (4.4) exists for all t ≥ 0 and converges exponentially
fast in the (2+ρ)-Ho¨lder norm to g∞ := (g,A∞, G∞), where A∞ vanishes and G∞
is constant.
Finally, we consider connection Ricci flow ; see Section 5. This flow was intro-
duced by Streets as a geometric interpretation of renormalization group flow on
(Bn, g) with B-field included, and which takes the form of Ricci flow coupled with
heat flow for a closed three-form [23] (see also [19, 24]). Here, n ≥ 3. One can
interpret the B-field strength as the torsion τ of a metric compatible connection,
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and Ricci flow in this setting becomes Ricci flow for g coupled with heat flow for
the torsion:
(1.9)
∂tg = −2 Rc +1
2
H
∂tτ = ∆τ
where Hij = gpqgrsτiprτjqs. There are also certain other assumptions on τ that we
will make precise in Section 5.1.
We show that the flow is stable when the metric g is Einstein and linearly stable,
and the connection is the Levi-Civita connection of g.
Theorem 1.10. Suppose that (Bn, g) is compact and orientable, with n ≥ 3, and
that g is a strictly linearly stable λ-Einstein metric. Let ∇ be a metric-compatible
connection on B with torsion τ = 0 (so ∇ is the Levi-Civita connection of g). Then
for any ρ ∈ (0, 1), there exists θ ∈ (ρ, 1) such that the following holds.
There exists a (1 + θ)-little-Ho¨lder neighborhood U of (g, τ) such that for all ini-
tial data
(
g˜(0), τ˜(0)
) ∈ U , the unique solution (g˜(t), τ˜(t)) of curvature-normalized
connection Ricci-DeTurck flow (5.2) exists for all t ≥ 0 and converges exponentially
fast in the (2 + ρ)-Ho¨lder norm to (g, τ).
The proofs of these theorems follow the same general outline.
(1) Modify the flow so that the fixed points are more easily studied. This in-
volves rescaling and pulling back by diffeomorphisms (including a DeTurck
trick), and the fixed points include Einstein metrics together with other
objects relevant to the flow in question (e.g., maps or connections).
(2) Compute the linearization of the modified flow, and discuss linear stability
at the fixed points. We assume metrics are strictly linearly stable, but
other objects might only be weakly linearly stable. In that case we must
understand the null eigenspaces.
(3) Obtain dynamical stability by setting up the appropriate little-Ho¨lder spaces
and applying a theorem of Simonett. (See Appendix A for the statement
of the theorem.)
This technique was introduced by Guenther, Isenberg, and Knopf [8], and has
subsequently been used to prove several other results. For example, as mentioned
before, Knopf proves stability of certain solutions of locally invariant RN -invariant
Ricci flow [11]. Young considers Ricci flow coupled with Yang-Mills flow and proves
stability of certain solutions [30]. Wu, as cited above, uses these methods to prove
that quotients of complex hyperbolic space are stable under Ricci flow [28]. The
method has been adapted for use in the non-compact setting by Wu and the author
[27,28].
Step (3) in this technique relies on the maximal regularity theory of Da Prato and
Grisvard [4], which exploits the smoothing properties of quasilinear parabolic oper-
ators. The actual dynamical stability then follows from a (quite general) theorem
of Simonett, which is based on this maximal regularity theory [22].
Remark 1.11. Simonett’s theorem has the feature of giving dynamical stability even
in the presence of center manifolds, which occur when a fixed point is only weakly
linearly stable, that is, when there is a non-trivial null eigenspace of the linearized
flow operator. The first analysis of center manifolds in problems relating to Ricci
flow appeared in [8]. To allow for simplified statements of our theorems, we assume
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that the metrics are strictly linearly stable, and only consider weak stability the
other objects (maps/connections, etc.). The theorems could be adapted to account
for center manifolds arising from weakly stable metrics, but this would require more
knowledge of the null eigenspaces, and so the theorems would be more complicated
to state.
Remark 1.12. The first three theorems here are true when the Einstein manifold
(B, g) is replaced by a two-dimensional sphere with constant positive sectional cur-
vature. Unfortunately, the techniques used here do not generalize to higher dimen-
sions for positively curved manifolds. See [11, Remark 2].
Acknowledgement. The author wishes to thank Dan Knopf for his helpful comments
and suggestions, and Peter Petersen for many enlightening discussions.
2. Harmonic-Ricci flow
2.1. Setup and examples. Let us provide background for the coupled flow (1.1).
Let (B, g) be a closed Riemannian manifold, with (N , γ) a closed target manifold.
Let φ : B → N be a smooth map. The Levi-Civita covariant derivative ∇TN of
the metric γ on N induces a covariant derivative ∇φ∗TN on the pull-back bundle
φ∗TN →M, given by
∇φ∗TNX Y = ∇TNφ∗XY,
forX ∈ C∞(TM) and Y ∈ C∞(TN ). This and the Levi-Civita covariant derivative
∇TB of the metric g on B induce covariant derivatives on all tensor bundles over B
of the form
(T ∗B)⊗p ⊗ (TB)⊗q ⊗ (φ∗T ∗N )⊗r ⊗ (φ∗TN )⊗s.
We refer to them simply as ∇. Related quantities are decorated with the metric
name, if necessary, e.g., g∇. In local coordinates (xi) on B and (yα) on N ,
∇φ = φ∗ = ∂iφα dxi ⊗ ∂α|φ ∈ C∞(T ∗B ⊗ φ∗TN ).
Similarly, we have
∇2φ = (∂i∂jφα − gΓkij∂kφα + (γΓ ◦ φ)αµν∂iφµ∂jφν) dxi ⊗ dxj ⊗ ∂α|φ
∈ C∞(T ∗B ⊗ T ∗B ⊗ φ∗TN ).
The harmonic map Laplacian (or tension field) of φ with respect to g and γ is
(2.1)
τg,γφ := trg∇2φ
= gij
(
∂i∂jφ
α − gΓkij∂kφα + (γΓ ◦ φ)αµν∂iφµ∂jφν
)
∂α|φ
∈ C∞(φ∗TN ).
Additionally, the induced metric φ∗γ on φ∗TN can be expressed as
(2.2) ∇φ⊗∇φ = γαµ∂iφα∂jφµ dxi ⊗ dxj = φ∗γ,
which is a symmetric 2-tensor on B.
Now we recall the flow (1.1): if φ : (B, g) → (N , γ) is a map of Riemannian
manifolds, the harmonic-Ricci flow is the coupled system
∂tg = −2 Rc +2c∇φ⊗∇φ
∂tφ = τg,γφ
where c = c(t) ≥ 0 is a coupling function. This flow is also sometimes called
the (RH)α flow (when c = α). We will assume that c(t) is non-increasing. As
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mentioned above, this flow was introduced in [18] and is a generalization of one
studied in [14].
Here are some examples of the flow. In studying expanding Ricci solitons on
homogeneous spaces, Lott considered as a model a special type of vector bundle [15].
LetM be an RN -vector bundle with flat connection, flat metric G on the fibers, and
Riemannian base (Bn, g). Assume that the connection preserves fiberwise volume
forms. Lott showed that the soliton equation becomes a pair of equations. One is
a soliton-like equation for g. The other is an equation for G, which says that G is
harmonic when interpreted as a map G : B → ( SL(N,R)/SO(N), θ). Here, θ is
the natural metric induced by G; see (4.2).
In fact, more is true. Ricci flow on such bundles is the coupled flow
∂tg = −2 Rc +1
4
∇G⊗∇G
∂tG = τg,θG
which is the harmonic-Ricci flow on (B, g) with map G and c = 1/8; see [26].
This is a special case of the coupled system considered in Section 4. All 3D and 4D
homogeneous spaces admitting expanding Ricci solitons have this bundle structure,
so the corresponding Ricci flow solutions are harmonic-Ricci flow solutions.
Ricci flow on a warped product (Bn × S1, g + e2udθ), after modification by dif-
feomorphisms, has the form:
∂tg = −2 Rc +2 du⊗ du
∂tu = ∆u
This is harmonic-Ricci flow with target R and c = 1, and was studied by Lott and
Sˇesˇum [17]. It is also a special case of the system considered in Section 3.
2.2. Stability. In this section we follow the outline given in the introduction to
prove Theorem 1.4.
We transform the system into one whose fixed points include pairs (g0, φ0) with
g0 Einstein and φ0 constant. Suppose that
(
g(t), φ(t)
)
is a solution of (1.1) for
t ≥ 0. For λ < 0, let σ(t) := 1− 2λt and consider(
g(t), φ(t)
) 7−→ (g(t), φ(t)),
where
t := − 1
2λ
log σ(t), g := σ−1g, φ := φ.
A straightforward calculation in the manner of [3, Section 9.1] shows that this
transformation results in the modified flow
(2.3)
∂tg = −2 Rc +2c∇φ⊗∇φ+ 2λg
∂tφ = τg,γφ
Call this system the curvature-normalized harmonic-Ricci flow.
We next use the DeTurck trick to make the system (2.3) strictly parabolic. That
is, we pull back by diffeomorphisms generated by carefully chosen vector fields,
which has the effect of subtracting a Lie derivative term from both equations in
(2.3). To this end, fix a background metric g0 (which we can take to be a fixed-point
metric; see below) and define a vector field W depending on g0 and g(t) by
W k := gij(Γkij − g0Γkij)
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for k = 1, . . . , n. Let Ft be diffeomorphisms generated by W (t), with initial condi-
tion F0 = id. The one-parameter family
(
F ∗t g(t), F
∗
t φ(t)
)
is the solution of
(2.4)
∂tg = −2 Rc +2c∇φ⊗∇φ+ 2λg − LW g,
∂tφ = τg,hφ− LWφ,
Call this system the curvature-normalized harmonic-Ricci-DeTurck flow.
A stationary solution of (2.3) is also a stationary solution of (2.4), and we can
describe a large class of such fixed points.
Lemma 2.5. Suppose that (Bn, g0) is closed and λ-Einstein, and let φ0 : (B, g)→
(N , γ) be a constant map. The pair (g0, φ0) is a stationary solution of the flows
(2.3) and (2.4).
To analyze the stability of such a fixed point (g0, φ0) of this flow, we must
compute the linearization. Let
(
g˜(), φ˜()
)
be a variation of (g0, φ0) such that
(2.6)
g˜(0) = g0, ∂
∣∣
=0
g˜() = h ∈ S2M,
φ˜(0) = φ0, ∂
∣∣
=0
φ˜() = ψ ∈ C∞(φ∗0TN ).
More explicitly, φ˜(x, ) = expφ0(ψ(x)). Let ∆` denote the Lichnerowicz Laplacian
acting on symmetric (2, 0)-tensor fields. Its components are
∆`hij = ∆hij + 2Ripqjh
pq −Rki hkj −Rkjhik.
Lemma 2.7. The linearization of the curvature-normalized harmonic-Ricci De-
Turck flow at a fixed point (g0, φ0), where g0 is λ-Einstein and φ0 is constant, is
the autonomous, self-adjoint, strictly parabolic system
∂th = L0h := ∆`h+ 2λh(2.8a)
∂tψ = L1ψ := ∆ψ(2.8b)
where L1 = ∆ satisfies (∆ψ)
α = ∆(ψα) in local coordinates.
Proof. With a variation as in (2.6), we must compute
∂
∣∣
=0
(
∂tg˜()
)
, ∂
∣∣
=0
(
∂tφ˜()
)
.
Such computations involve standard variational formulas for geometric objects like
g−1, Γ, Rc, and R. See [3, Section 3.1], for example. The first equation is similar to
one considered in [11, Lemmas 3 and 4]; in particular, the Lie derivative from the
DeTurck trick precisely cancels the unpleasant terms from the linearization of Rc.
In local coordinates, we use (2.2) to see that the linearization of the term involving
φ vanishes, since
∂
∣∣
=0
(
∇φ˜()⊗∇φ˜()
)
ij
= ∂
∣∣
=0
(
γαβ∂iφ˜()
α∂j φ˜()
β
)
= γαβ
(
∂iψ
α∂jφ
β
0 + ∂iφ
α
0 ∂jψ
β
)
= 0.
For the second equation, we use the coordinate expression for the tension field from
(2.1) to see that
∂
∣∣
=0
(
∂tφ˜()
)α
= ∂
∣∣
=0
τg˜(),γ φ˜()
α
= gij(∂i∂jψ
α − gΓkij∂kψα) = ∆ψα.
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Also,
LWφ = ∇φ(W ) = ∂iφαWi ∂α|φ,
and since W (0) = 0, we have
∂
∣∣
=0
∂iφ˜
αW˜i = 0,
giving (2.8b). 
We now wish to consider linear stability of a fixed point (g0, φ0) of the curvature-
normalized harmonic-Ricci-DeTurck flow with respect to the system (2.8a-2.8b).
We will assume that φ0 is constant and g0 is a λ-Einstein metric that is linearly
stable with respect to (1.2). First, however, let us consider an example of when
this last property is satisfied.
Lemma 2.9. Suppose that g is λ-Einstein, and that there exists K < 0 such that
sec ≤ K. Then for L0h = ∆`h+ 2λh, we have (L0h, h) ≤ K(n− 2)‖h‖2 < 0.
Proof. First, write a symmetric 2-tensor h as h = g(h˜·, ·) and let {ei} be a local
orthonormal basis of eigenvectors for h˜. That is, h˜(ei) = µiei. Now, we write part
of 〈L0h, h〉 in components with respect this basis. Using that g is λ-Einstein, we
have ∑
i,j,k,`
Rijk`h
i`hjk −
∑
i,j,k
Rjih
k
jh
i
k + 2λ
∑
i,j
hijh
ij
=
∑
i,j
Rijjiµiµj + λ
∑
i,j
hijh
ij
=
∑
i,j
sec(ei, ej)µiµj +
∑
i,j
sec(ei, ej)µ
2
i
= 12
∑
i,j
sec(ei, ej)2µiµj +
1
2
∑
i,j
sec(ei, ej)µ
2
i +
1
2
∑
i,j
sec(ei, ej)µ
2
j
= 12
∑
i,j
sec(ei, ej)(µi + µj)
2.
Now, integrating by parts and using Koiso’s Bochner formula [13] together with
the above equation,
(L0h, h) = −‖∇h‖2 +
∫
Rijk`h
ijhkl −
∫
Rjih
k
jh
i
k +
1
2
∫ ∑
i,j
sec(ei, ej)(µi + µj)
2
= − 12‖T‖2 − ‖δh‖2 +K(n− 2)‖h‖2 +K‖ trh‖2
≤ K(n− 2)‖h‖2,
as desired. 
Regarding linear stability of φ0, we have the following, which follows from inte-
gration by parts.
Lemma 2.10. The constant map φ0 is weakly linearly stable with respect to the
operator L1. Its null eigenspace is the space of constant variations ψ ∈ C∞(φ∗0TN ),
whose dimension is equal to dimN .
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We now turn to the proof of Theorem 1.4. See the appendix for the statement of
Simonett’s theorem, [11, Section 2] for a more detailed description of its application
as used here, and [22] for the original statement.
If V → B is a vector bundle, let hr+ρ(V) denote the completion of the vector
space C∞(V) with respect to the r+ρ little-Ho¨lder norm. For fixed 0 < σ < ρ < 1,
consider the following densely and continuously embedded spaces:
E0 := h0+σ(S2B)× h0+σ(φ∗0TN )
∪
X0 := h0+ρ(S2B)× h0+ρ(φ∗0TN )
∪
E1 := h2+σ(S2B)× h2+σ(φ∗0TN )
∪
X1 := h2+ρ(S2B)× h2+ρ(φ∗0TN )
For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces
Xβ := (X0,X1)β , Xα := (X0,X1)α.
For fixed 0 <   1, let Gβ be the open -ball around (g0, φ0) in Xβ , and define
Gα := Gβ ∩ Xα.
Proof of Theorem 1.4. This proof follows that of Theorem 1 in [11], and due to
the abstract nature of Simonett’s Theorem, essentially all of the details go through
unchanged. Indeed, because we assume that the metric is strictly linearly stable,
it does not correspond to any center manifolds. Still, we briefly describe the four
main steps in the proof.
First, one must show that the complexification of the operator L := (L0,L1,L2)
in (2.8a)-(2.8b) (which acts component-wise) is sectorial. This holds exactly as in
[11]. With this established, one checks that conditions (1)-(7) of Simonett’s theorem
hold, and this follows exactly as in [11, Lemmas 1 and 2]. The second step is then
to apply Simonett’s theorem (Theorem A.1) to obtain, in particular, existence of
exponentially attractive local center manifolds.
Finally, one proves the uniqueness of a smooth center manifold consisting of
fixed points of the flow (2.4), and convergence of the solution to a point in that
center manifold. Again, this is actually simpler in our case because of the strict
linear stability of the metrics, and the arguments of [11] carry through without
modification. 
3. Ricci flow on warped products
3.1. Setup. Consider a multiply-warped product (M,g) as described above, where
M := B ×
m∏
α=1
Fα, g := g +
m∑
α=1
e2φαgα.
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Let H,Vα ⊂ TM denote the horizontal and α-vertical distributions, respectively.
The Ricci curvature of g is
(3.1)
gRc |H×H = gRc−
m∑
α=1
nα
[
Hess(φα) + dφα ⊗ dφα
]
gRc |Vα×Vα = gαRc−
∆φα + m∑
β=1
nβ〈dφα, dφβ〉
 e2φαgα
gRc |H×Vα = 0 for all α = 1, . . . ,m
gRc |Vα×Vβ = 0 for all α, β = 1, . . . ,m with α 6= β
See, e.g., [6]. We wish to describe Ricci flow on (M,g) in terms of the evolution of
g and the warping functions φα.
Proposition 3.2. Let (M = B ×∏α Fα,g(t)) be a solution to Ricci flow, with B
closed and g(0) = g(0) +
∑
α e
2φα(0)gα(0) a multiply-warped product. If (Fα, gα) is
closed and µα-Einstein for each α, then each gα = gα(0) is constant under the flow,
g(t) is a multiply-warped product, and the evolutions of g and the φα are given by
(3.3)
∂tg = −2 gRc +2
m∑
α=1
nα
[
Hess(φα) + dφα ⊗ dφα
]
∂tφα = ∆φα +
m∑
β=1
nα〈dφα, dφβ〉 − µαe−2φα α = 1, . . . ,m
Proof. Define g˜(t) = g(t) +
∑
α e
2φα(t)gα, where g(t) and φα(t) are solutions of
(3.3) with g(0) = g0 and φα(0) = (φα)0. Using (3.1), we see that the evolution of
g˜(t) is
∂tg˜(t) = ∂tg(t) +
∑
α
∂t(e
2φα(t)gα)
= −2 gRc +2
∑
α
nα
[
Hess(φα) + dφα ⊗ dφα
]
+ 2
∑
α
e2φα(t)∂tφα(t) gα
= −2 g˜Rc |H×H + 2
∑
α
∆φα +∑
β
nβ〈dφα, dφβ〉 − µαe−2φα(t)
 e2φα(t)gα
= −2 g˜Rc |H×H + 2
∑
α
[
∆φα +
∑
β
nβ〈dφα, dφβ〉
]
e2φ(t)gα − 2
∑
α
µαgα
= −2 g˜Rc |H×H − 2
∑
α
g˜Rc |Vα×Vα
= −2 g˜Rc,
since µαgα =
gαRc. This means g˜(t) solves Ricci flow with g˜(0) = g0+
∑
α e
2(φα)0gα.
By uniqueness of solutions of Ricci flow, for any solution g(t) of Ricci flow with
g(0) = g0 +
∑
α e
2(φα)0gα, we must have g˜(t) = g(t). This means the multiply-
warped product structure is preserved and g(t) = g(t) +
∑
α e
2φα(t)gα must satisfy
(3.3). 
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We can simplify the system (3.3). For f = −∑α nαφα ∈ C∞(M), the following
Lie derivatives are easily computed:
L∇fg = −2
∑
α
Hess(φα),
L∇fφα = −
∑
β
nβ〈dφα, dφβ〉.
Pulling back by diffeomorphisms generated by ∇f amounts to adding these Lie
derivatives to the equations in (3.3). From this we obtain the system
(3.4)
∂tg = −2 gRc +2
∑
α
nα dφα ⊗ dφα
∂tφα = ∆φα − µαe−2φα α = 1, . . . ,m
which we call multiply-warped product Ricci flow. If we define a map
Φ : B −→ Rm
Φ(x) :=
(
φ1(x), . . . , φm(x)
)
then we can abbreviate a solution of (3.4) as
(
g(t),Φ(t)
)
.
Remark 3.5. The system (3.4) does not depend on the fibers (Fα, gα) at all, except
for the Einstein constants µα and the dimensions nα. Considering that system
abstractly (that is, outside the context of Ricci flow onM), we can therefore allow
the fibers Fα to be non-compact. For example, a modification of the DeTurck trick
shows short-time existence of solutions in that case.
3.2. Estimates. We need to understand the evolution of various geometric quan-
tities under the flow (1.5). The following equations can be proved in a manner
similar to those for harmonic-Ricci flow with 1-dimensional target, as found in [14].
Lemma 3.6. Let
(
g(t),Φ(t)
)
be a solution of (1.5). We have the following evolu-
tion equations, for α = 1, . . . ,m.
∂t∂iφα = ∆∂iφα −Rpi ∂pφα + 2µαe−2φα∂iφα
∂t|dφα|2 = ∆|dφα|2 − 2|Hessφα|2 − 2
∑
β
nβ〈dφα, dφβ〉2 + 4µαe−2φα |dφα|2
We will use the estimates from the lemma with the following version of the
Maximum Principle.
Theorem 3.7. Suppose g(t) is a family of metrics on a closed manifold Mn, X(t)
is a time-dependent vector field on M, and F : R × [0, T ) → R is a Lipschitz
continuous function. Consider the semi-linear heat equation
(3.8) ∂tu = ∆g(t)u+ 〈X(t),∇u〉+ F (u, t),
and the corresponding ordinary differential equation
(3.9)
d
dt
U = F (U, t),
for functions u :M× [0, T )→ R, U : [0, T ′)→ R.
Let u(x, t) be a C2 solution of (3.8), and let U1 and U2 solve (3.9) with U1(0) =
minM u(x, 0) and U2(0) = maxM u(x, 0), respectively. In particular,
U1(0) ≤ u(x, 0) ≤ U2(0)
12 M. B. WILLIAMS
for all x ∈M. Then as long as these functions exist,
U1(t) ≤ u(x, t) ≤ U2(t),
for all x ∈M.
Lemma 3.10. Suppose that
(
g(t),Φ(t)
)
is a solution of (3.4) on B×∏α Fα, where
B is closed and each (Fα, gα) is Einstein with constant µα < 0. Then for each α
there are constants cα, dα, Cα such that
e2cα − 2µαt ≤ e2φα(x,t) ≤ e2dα − 2µαt(3.11)
0 ≤ |dφα(x, t)|2 ≤ Cα
(t+ 1)2
(3.12)
for all for all x ∈ B and t where the solution exists.
Proof. The ode associated with the evolution of φα is
d
dt
U = Fα(U) := −µαe−2U .
For initial data U(0) = c, this has solution U(t) = 12 log(e
2c − 2µαt). Let U1 and
U2 solve the ode with initial data cα := minB φα(x, 0) and dα := maxB φα(x, 0),
respectively. Then
(3.13)
1
2
log(e2cα − 2µαt) = U1(t) ≤ φα(x, t) ≤ U2(t) = 1
2
log(e2dα − 2µαt)
for as long as the functions exist, and for all x ∈ B. Exponentiating, we see that
e2cα − 2µαt ≤ e2φα(x,t) ≤ e2dα − 2µαt.
When µα < 0, this means the warping factor e
2φα grows to infinity. Also note that
when µα = 0 or µα > 0, e
2φα(x,t) remains bounded or reaches zero in finite time,
respectively.
Now let us find bounds on |dφα|2. First, from the behavior of φα above, we have
4µαe
−2φα ≤ 4µα
e2dα − 2µαt ,
Then |dφα|2 evolves according to
∂t|dφα|2 = ∆|dφα|2 − 2|Hessφα|2 − 2
∑
β
nα〈dφα, dφβ〉2 + 4µαe−2φα |dφα|2
≤ ∆|dφα|2 + 4µα
e2dα − 2µαt |dφα|
2.
That is, v := |dφα|2 is a subsolution of ∂tu = ∆u+Gα(u, t), where
Gα(u, t) :=
4µα
e2dα − 2µαtu.
The corresponding ode, with initial data U(0) = U0, has solution
U(t) =
e4dαU0
(e2dα − 2µαt)2 .
Taking U0 := maxB |dφα(x, 0)|2, the Maximum Principle gives
(3.14) 0 ≤ |dφα(x, t)|2 ≤ e
4dαU0
(e2dα − 2µαt)2 ≤
Cα
(t+ 1)2
for all time and all x ∈ B, for some Cα > 0. 
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3.3. Stability. In this section we follow the outline given in the introduction to
prove Theorem 1.6.
When µα < 0, the warping functions φα grow in a controlled way: the lower and
upper bounds of φα on B both go to infinity by (3.11), but we also have |dφα|2 → 0
as t → ∞ by (3.12). It is natural, therefore, to hope that each φα converges to a
constant function, but the growth condition implies that this constant should be
∞. This means that some kind of normalization is needed for φα (as well as for g).
Therefore, let
(
g(t),Φ(t)
)
solve (3.4) for t ≥ 0. For λ < 0, let σ(t) := 1 − 2λt,
let Aα be constants, and consider the transformation(
g(t),Φ(t)
) 7→ (g(t),Φ(t)),
where
t := − 1
2λ
log σ(t), g := σ−1g, φα :=
{
φα − 12 log σ +Aα if µα < 0
φα if µα = 0
.
Note that φα is simply a translate of φα. As such, dφα = dφα, and so all spatial
derivative behavior of φα is the same as that of φα. Additionally, when µα < 0 it
is easy to see from (3.11) that
lim
t→∞φα(x, t) = Aα
for all x ∈ B.
A computation shows that this transformation results in the system
(3.15)
∂tg = −2 Rc +2
∑
α
nαdφα ⊗ dφα + 2λg
∂tφα =
{
∆φα − µαe−2(φα−Aα) + λ if µα < 0
∆φα if µα = 0
, α = 1, . . . ,m
which we call curvature-normalized multiply-warped product Ricci flow.
As before, we use the DeTurck trick to make the (3.15) system strictly parabolic.
Fix a background metric g0 (which we can take to be a fixed-point metric) and define
a vector field W depending on g(t) by
W k := gij(Γkij − g0Γkij)
for k = 1, . . . , n. Let Ft be diffeomorphisms generated by W (t), with initial condi-
tion F0 = id. The one-parameter family
(
F ∗t g(t), F
∗
t Φ(t)
)
is the solution of
(3.16)
∂tg = −2 Rc +2
∑
α
nαdφα ⊗ dφα + 2λg − LW g
∂tφα =
{
∆φα − µαe−2(φα−Aα) + λ− LWφα if µα < 0
∆φα − LWφα if µα = 0
, α = 1, . . . ,m
which we call the curvature-normalized multiply-warped product Ricci–DeTurck flow.
A stationary solution of (3.15) is also a stationary solution of the curvature-
normalized multiply-warped product Ricci-DeTurck flow, and we can describe a
large class of such fixed points.
Lemma 3.17. Suppose that (Bn×∏Fα, g0+e2(φα)0gα) is a multiply-warped product
with (B, g) closed and λ-Einstein and suppose that each (Fα, (gα)0) is µα-Einstein
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with either µα = λ or µα = 0. Let each (φα)0 : M → R be a constant function,
and let Aα = (φα)0. Then (g0,Φ0) a stationary solution of (3.15) and (3.16).
To analyze the stability of a fixed point(g0,Φ0) of flow (3.16), we must compute
the linearization of the flow. Let
(
g˜(), Φ˜()
)
be a variation of (g0,Φ0) such that
(3.18)
g˜(0) = g0, ∂
∣∣
=0
g˜() = h ∈ S2B,
φ˜α(0) = (φα)0, ∂
∣∣
=0
φ˜α() = ψα ∈ C∞(B)
for α = 1, . . . ,m.
Lemma 3.19. The linearization of the curvature-normalized multiply-warped prod-
uct Ricci-DeTurck flow at a fixed point (g0,Φ0) where g0 is λ-Einstein and Φ0
constant is the autonomous, self-adjoint, strictly parabolic system
∂th = L0h := ∆`h+ 2λh(3.20a)
∂tψα = Lαψα :=
{
∆ψα + 2λψα if µα = λ
∆ψα if µα = 0
(3.20b)
for α = 1, . . . ,m.
Proof. The first equation is essentially the same as in Lemma 2.7, so we only con-
sider the second equation. The Laplacian term in the second equation is already
linear. When µα = λ, we use the chain rule to understand the second term:
∂|=0
(− λe−2(φ˜α()−(φα)0)) = 2λψe−2(φ˜α(0)−(φα)0) = 2λψ.
The Lie derivative from the DeTurck trick term is handled essentially as in the
proof of Lemma 2.7. 
Now assume that (g0,Φ0) is a fixed point of the curvature-normalized multiply-
warped product Ricci-DeTurck flow with Φ0 constant and g0 a strictly linearly
stable λ-Einstein metric.
Lemma 3.21. Let φα be constant function. If µα = 0, then φα is weakly linearly
stable with respect to the operator Lα, and the null eigenspace is the 1-dimensional
space of constant functions on B. If µα = λ, then φα is strictly linearly stable with
respect to the operator Lα.
Proof. When µα = λ, we integrate by parts:
(Lαψ,ψ) =
∫
B
(∆ψ + 2λψ)ψ dµg = −‖∇ψ‖2 + 2λ‖ψ‖2 ≤ 0,
since λ < 0. We have equality exactly when ψ is the zero function. 
We now turn to the proof of the Theorem 1.6. Again, see the appendix for
the statement of Simonett’s theorem. Recall that if V → M is a vector bundle,
then hr+ρ(V) denotes the completion of the vector space C∞(V) with respect to
the r+ ρ little-Ho¨lder norm, and for brevity, let hr+ρ(B) denote the corresponding
completion of C∞(B).
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For fixed 0 < σ < ρ < 1, consider the following densely and continuously em-
bedded spaces:
E0 := h0+σ(S2B)×
(
h0+σ(B))m
∪
X0 := h0+ρ(S2B)×
(
h0+ρ(B))m
∪
E1 := h2+σ(S2B)×
(
h2+σ(B))m
∪
X1 := h2+ρ(S2B)×
(
h2+ρ(B))m
For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces
Xβ := (X0,X1)β , Xα := (X0,X1)α.
For fixed 0 <   1, let Gβ be the open -ball around (g0, φ0) in Xβ , and define
Gα := Gβ ∩ Xα.
Proof of Theorem 1.6. Modulo the details of the Ho¨lder space setup, this is the
same as the proof of Theorem 1.4 so we omit the details. We note, however, that
each α such that µα = 0 gives rise to a center manifold, due to weak linear stability.
This does not happen when µα = λ < 0. 
Remark 3.22. One may compare Theorem 1.6 with [17, Theorem 1.1]. Those au-
thors prove convergence of warped product Ricci flow solutions when the base has
dimension two, although different techniques are involved.
Remark 3.23. Following Perelman (for the Ricci flow) and List and Mu¨ller (for
harmonic-Ricci flow), the flow (1.5) is the gradient flow of a certain energy func-
tional. For example, when m = 1 and (Fk, h) is µ-Einstein, given a metric g on B
and functions φ, f : B → R, the energy functional is
F (g, φ, f) :=
∫
B
(R− k|dφ|2 + kµe−2φ + |df |2)e−f dV.
4. Locally RN -invariant Ricci flow
4.1. Setup. The manifolds that we will consider in this section have a special
bundle structure. Let B be a connected, oriented manifold, and let E p−→ B be a flat
RN -vector bundle. We consider M pi−→ B to be a principal RN -bundle, twisted by
E . That is, there exists a smooth map
E ×BM =
⋃
b∈B
Eb ×Mb −→M
that, over each point b ∈ B, gives a free and transitive action that is consistent
with the flat connection on E . This means that if U ⊂ B is such that EU → U is
trivializable, then pi−1(U) has a free RN action. Let M have a connection A such
that A|pi−1(U) is an RN -valued connection. If we assume that M also has a flat
connection itself, then A is globally an RN -valued 1-form.
We will use this bundle structure to describe local coordinates for M. Let
U ⊆ B be an open set such that EU → U is trivializable and has a local section
σ : U → pi−1(U). Additionally, let ρ : Rn → U be a parametrization of U , with
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coordinates xα, and let ei be a basis for RN . Then we obtain coordinates (xα, xi)
on pi−1(U) via
Rn × RN −→ pi−1(U)
(xα, xi) 7−→ (xiei) · σ
(
ρ(xα)
)
where · denotes the free RN -action described above.
Let g be a Riemannian metric onM such that the RN -action is a local isometry.
With respect to the coordinates above, one may write
g = gαβ dx
α dxβ +Gij(dx
i +Aiα dx
α)(dxj +Ajβ dx
β).(4.1)
We will write this informally as g = (g,A,G), where g(b) = gαβ(b) dx
α dxβ is locally
a Riemannian metric on U ⊂ B, A(b) = Aiα(b) dxα is locally the pullback by σ of a
connection on pi−1(U) → U , and G(b) = Gij(b) dxi dxj is an inner product on the
fiber Mb.
In [16], Lott considered metrics of the form (4.1) that evolve under Ricci flow
and showed that the Ricci flow equation for (M,g) becomes three equations (see
[16, Equation (4.10)]):
∂tg = −2 Rc +1
2
∇G⊗∇G+ dA⊗ dA
∂tA = −δdA+ 〈∇G, dA〉
∂tG = τg,θG− 1
2
dA⊗ dA
This is called locally RN -invariant Ricci flow. We clarify the shorthand notation
used in these equations. Let SN := SL(N,R)/SO(N) be the space of symmetric
positive-definite bilinear forms of fixed determinant. The tangent space TGSN at
G ∈ SN consists of symmetric bilinear forms with no trace. There is a Riemannian
metric θ on TGSN defined by
(4.2) θG(X,Y ) = tr(G
−1XG−1Y ) = GijXjkGk`Y`i.
Thinking of the fiberwise inner products as a map G : (B, g) → (SN , θ), the term
∇G⊗∇G in the evolution of g is defined as (2.2):
(∇G⊗∇G)αβ = GikGj`∇αGij∇βGk`
and τg,θG is the harmonic map Laplacian as in (2.1) (see [26, Proposition 10] for
discussion of this fact). Regarding the RN -valued 1-form A, we think of dA ⊗ dA
as a symmetric 2-tensor on either B or RN as follows:
(dA⊗ dA)αβ = gγδGij(dA)iαγ(dA)jβδ
(dA⊗ dA)ij = gαγgβδGikGj`(dA)kαβ(dA)`γδ.
The operator δ is the adjoint of the exterior derivative d, and we pair ∇G and dA
as follows:
〈∇G, dA〉iα = gβγGij∇γGjk(dA)kβα.
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4.2. Stability. In this section we follow the outline given in the introduction to
prove Theorem 1.8.
Following Knopf (see [11, Equation (1.3)]), we transform the system in the man-
ner we’ve used above into one whose fixed points include g = (g0, A0, G0), where
g0 is Einstein, A0 = 0, and G0 is constant. Suppose that g(t) is a solution of (1.7)
for t ≥ 0. For λ < 0, let σ(t) := 1− 2λt and consider
g(t) 7−→ g(t),
where
t := − 1
2λ
log σ(t), g := σ−1g, A := σ−1/2A, G := G.
A calculation shows that this transformation results in the modified flow
(4.3)
∂tg = −2 Rc +1
2
∇G⊗∇G+ dA⊗ dA+ 2λg
∂tA = −δdA+ 〈∇G, dA〉+ λA
∂tG = τg,θG− 1
2
dA⊗ dA
We call this system curvature-normalized locally RN -invariant Ricci flow.
As before, we use the DeTurck trick to make the linear (4.3) system strictly
parabolic. Fix a background metric g0 on B (which we may take to be a fixed-point
metric) and define a vector field W depending on g(t) by
W γ := gαβ(Γγαβ − g0Γγαβ), (W[)k := (δA)k
for γ = 1, . . . , n and k = 1, . . . , N . Let Ft be diffeomorphisms generated by W (t),
with initial condition F0 = id. The one-parameter family of metrics F
∗
t g(t) is the
solution of
(4.4)
∂tg = −2 Rc +1
2
∇G⊗∇G+ dA⊗ dA+ 2λg − LW g
∂tA = −δdA+ 〈∇G, dA〉+ λA− LWA
∂tG = τg,θG− 1
2
dA⊗ dA− LWG
which we call curvature-normalized RN -invariant Ricci–DeTurck flow.
A stationary solution of (4.3) is also a stationary solution of the curvature-
normalized Ricci-DeTurck flow, and we can describe a large class of such fixed
points.
Lemma 4.5. Suppose that (M = RN ×B,g) is a twisted principal RN -bundle with
locally RN -invariant metric g0 = (g0, A0, G0). Suppose that (B, g0) is closed and
λ-Einstein, A0 = 0, and G0 is constant. Then g0 a stationary solution of (4.3)
and the curvature-normalized locally RN -invariant Ricci-DeTurck flow.
To analyze the stability near a fixed point, we must compute the lineariza-
tion of the flow. Write g0 = (g0, A0, G0) for such a fixed point. Let g˜() =(
g˜(), A˜(), G˜()
)
be a variation of g such that
(4.6) g˜(0) = g0, ∂
∣∣
=0
g˜ = h = (h,B,H).
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More explicitly,
g˜(0) = g0, ∂
∣∣
=0
g˜ = h ∈ S2B,
A˜(0) = 0, ∂
∣∣
=0
A˜ = B ∈ C∞(T ∗B ⊗ RN ),
G˜(0) = G0, ∂
∣∣
=0
G˜ = H ∈ C∞(G∗0TSN ),
where G˜(, b) = expG0(H(b)) as in (2.6).
Lemma 4.7. The linearization of curvature-normalized locally RN -invariant Ricci-
DeTurck flow at a fixed point g0 = (g0, A0, G0) where g0 is λ-Einstein, A vanishes,
and G0 constant is the autonomous, self-adjoint, strictly parabolic system
∂th = L0h := ∆`h+ 2λh(4.8a)
∂tB = L1B := ∆dh+ λB(4.8b)
∂tH = L2H := ∆H(4.8c)
where −∆d = dδ+δd denotes Laplace-Beltrami operator on RN -valued 1-forms and
L2 = ∆ satisfies (∆H)ij = ∆(Hij) in local coordinates.
Proof. This is similar to the proof of Lemma 2.7; most of the “cross terms” vanish
in the linearization due to A0 and G0 being constant. For the second equation,
the main point is that the first term and the DeTurck term combine to give the
Laplace-Beltrami operator:
∂
∣∣
=0
(
− (δdA˜())i
α
− (LW A˜())iα) = −(δdB)iα − (dδB)iα = ∆dBiα,
since (LWg)αi = (dδA)iα. 
Lemma 4.9. The trivial form A0 = 0 is strictly linearly stable with respect to the
operator L1. The constant map G0 is weakly linearly stable with respect to operator
L2. Its null eigenspace is the space of constant variations F ∈ C∞(G∗0TSN ), whose
dimension is equal to dimSN .
Proof. This follows in the same way as Lemmas 2.10 and 3.21. 
We now turn to the proof of the the main theorem. Again, see the appendix for
the statement of Simonett’s theorem. Recall that if V → M is a vector bundle,
then hr+ρ(V) denotes the completion of the vector space C∞(V) with respect to the
r + ρ little-Ho¨lder norm. For fixed 0 < σ < ρ < 1, consider the following densely
and continuously embedded spaces:
E0 := h0+σ(S2B)× h0+σ(T ∗B ⊗ RN )× h0+σ(G∗0TSN )
∪
X0 := h0+ρ(S2B)× h0+ρ(T ∗B ⊗ RN )× h0+ρ(G∗0TSN )
∪
E1 := h2+σ(S2B)× h2+σ(T ∗B ⊗ RN )× h2+σ(G∗0TSN )
∪
X1 := h2+ρ(S2B)× h2+ρ(T ∗B ⊗ RN )× h2+ρ(G∗0TSN )
For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces
Xβ := (X0,X1)β , Xα := (X0,X1)α.
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For fixed 0 <   1, let Gβ be the open -ball around g0 in Xβ , and define
Gα := Gβ ∩ Xα.
Proof of Theorem 1.8. Modulo the details of the Ho¨lder space setup, this is the
same as the proof of Theorem 1.4, so we omit the details. 
5. Connection Ricci flow
5.1. Setup. Let (Bn, g) be a Riemannian manifold with n ≥ 3. Choose local
coordinates (xi) Suppose that τ is a (2, 1)-tensor on B, and consider the (3, 0)-
tensor H with components Hijk = gk`τ
`
ij . We can think of τ as the torsion of a
connection∇ that is compatible with g, and we say that τ is geometric if H ∈ Ω3(B)
and dH = 0. Define a (2, 0)-tensor H (as above) by
Hij = gpqgrsHiprHjqs = gpqgrsτ ripτsjq.
The Ricci curvature of ∇ is a (2, 0)-tensor on B, but it is not symmetric. There-
fore, consider the symmetric and anti-symmetric parts, denoted by Rc⊗ and Rc∧,
respectively:
Rc⊗ = gRc +
1
2
H, Rc∧ = −1
2
d∗H
where gRc is the Ricci curvature of the Levi-Civita connection of g and d∗H has
components (d∗H)ij = −g`mg∇`Hmij .
Now, one can consider the evolution of a connection g(t)∇+ τ(t) on B in terms
of the metric g and geometric torsion τ of ∇,
∂tg = −2 Rc⊗
∂tH = 2dRc
∧
From the expressions for the symmetric and anti-symmetric parts of Rc, these
equations become
∂tg = −2 Rc +1
2
H
∂tH = ∆dH
which is the flow (1.9) (although we will use H in place of τ , for clarity). It is easy
to check that the property that τ is geometric is preserved under the flow, and that
the flow enjoys short-time existence and uniqueness of solutions.
We will consider this flow where g is a metric and H is any closed three-form, not
necessarily dual to the torsion of a connection. Such a coupling arises in physics,
for example as the renormalization group flow with B-field [19,24].
Our goal is to show that this flow is stable when g is Einstein and H = 0. In
the context of connection Ricci flow, this is stability at the Levi-Civita connection
of g, that is, where τ = 0.
5.2. Stability. In this section we follow the outline given in the introduction to
prove Theorem 1.10.
We transform the system into one whose fixed points include pairs (g,H) with g
Einstein and H vanishing. Suppose that
(
g(t), H(t)
)
is a solution of (1.9) for t ≥ 0.
For λ < 0, let σ(t) := 1− 2λt and consider(
g(t), H(t)
) 7→ (g(t), H(t)),
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where
t := − 1
2λ
log σ(t), g := σ−1g, H := H.
A straightforward calculation shows that this transformation results in the modified
flow
∂tg = −2 Rc +1
2
H+ 2λg(5.1a)
∂tH = ∆dH + 2λH(5.1b)
Call this the curvature-normalized connection-Ricci flow.
As before, we use the DeTurck trick to make the linear (5.1) system strictly
parabolic. Let g0 be a background metric and define a vector field W depending
on g(t) by
W k := gij(Γkij − g0Γkij),
for k = 1, . . . , n. Let Ft be diffeomorphisms generated by W (t), with initial condi-
tion F0 = id. The one-parameter family
(
F ∗t g(t), F
∗
t H(t)
)
is the solution of
∂tg = −2 Rc +1
2
H+ 2λg − LW g(5.2a)
∂tH = ∆dH + 2λH − LWH(5.2b)
which we call curvature-normalized connection Ricci–DeTurck flow.
A stationary solution of (5.1) is also a stationary solution of (5.2), and we can
describe a large class of such fixed points.
Lemma 5.3. Suppose that (B, g0) is closed and λ-Einstein, and that H0 = 0. The
pair (g0, H0) a stationary solution of (5.1) and (5.2).
To analyze the stability near a fixed point (g0, H0), we must compute the lin-
earization of the flow. Let
(
g˜(), H˜()
)
be a variation of (g0, H0) such that
(5.4)
g˜(0) = g0, ∂
∣∣
=0
g˜ = h ∈ S2B,
H˜(0) = 0, ∂
∣∣
=0
H˜ = η ∈ Ω3closed(B).
The next two lemmas follow as before.
Lemma 5.5. The linearization of (5.2) at a fixed point (g0, H0) where g0 is λ-
Einstein and H0 = 0 is the autonomous, self-adjoint, strictly parabolic system
∂th = L2h := ∆`h+ 2λh(5.6a)
∂tη = L1η := ∆dη + 2λη(5.6b)
Lemma 5.7. The Levi-civita connection of g0 is strictly linearly stable with respect
to the operator L1.
We now turn to the proof of Theorem 1.10. Again, see the appendix for the
statment of Simonett’s theorem. Recall that if V → B is a vector bundle, then
hr+ρ(V) denotes the completion of the vector space C∞(V) with respect to the
r + ρ little-Ho¨lder norm. For fixed 0 < σ < ρ < 1, consider the following densely
STABILITY OF SOLUTIONS OF CERTAIN EXTENDED RICCI FLOW SYSTEMS 21
and continuously embedded spaces:
E0 := h0+σ(S2B)× h0+σ
(
Ω3closed(B)
)
∪
X0 := h0+ρ(S2B)× h0+ρ
(
Ω3closed(B)
)
∪
E1 := h2+σ(S2B)× h2+σ
(
Ω3closed(B)
)
∪
X1 := h2+ρ(S2B)× h2+ρ
(
Ω3closed(B)
)
For fixed 1/2 ≤ β < α < 1, define the continuous interpolation spaces
Xβ := (X0,X1)β , Xα := (X0,X1)α.
For fixed 0 <   1, let Gβ be the open -ball around (g0, τ0) in Xβ , and define
Gα := Gβ ∩ Xα.
Proof of Theorem 1.10. Modulo the details of the Ho¨lder space setup, this is the
same as the proof of Theorem 1.4, so we omit the details. Note, however, that it only
uses a special case of Simonett’s theorem, since there are no center manifolds. 
Appendix A. Stability Theorem
We use the following version of Simonett’s Stability Theorem. Other versions of
the theorem are found in [8, 11], while the most general version is found in [22].
Theorem A.1 (Simonett). Assume the following conditions hold:
(1) X1 ↪→ X0 and E1 ↪→ E0 are continuous dense inclusions of Banach spaces.
For fixed 0 < β < α < 1, Xα and Xβ are continuous interpolation spaces
corresponding to the inclusion X1 ↪→ X0.
(2) There is an autonomous quasilinear parabolic equation
(A.2) ∂τ g˜(τ) = Q(g˜(τ)), (τ ≥ 0),
with the property that there exists a positive integer k such that for all ĝ in
some open set Gβ ⊆ Xβ, the domain D(Lĝ) of the linearization Lĝ of Q at
ĝ contains X1 and the map ĝ 7→ Lĝ|X1 belongs to Ck(Gβ ,L(X1,X0)).
(3) For each ĝ ∈ Gβ, there exists an extension L̂ĝ of Lĝ to a domain D̂(ĝ) that
contains E1 (hence is dense in E0).
(4) For each ĝ ∈ Gα = Gβ ∩ Xα, L̂ĝ|E1 ∈ L(E1,E0) generates a strongly-
continuous analytic semigroup on L(E0,E0). (Observe that for ĝ ∈ Gα,
this implies that D̂(ĝ) becomes a Banach space when equipped with the graph
norm with respect to E0.)
(5) For each ĝ ∈ Gα, Lĝ is the part of L̂ĝ in X0.1
(6) For each ĝ ∈ Gα, there exists θ ∈ (0, 1) such that X0 ∼= (E0, D̂(ĝ))θ
and X1 ∼= (E0, D̂(ĝ))1+θ, where (E0, D̂(ĝ))1+θ = {g ∈ D̂(ĝ) : L̂ĝ(g) ∈
(E0, D̂(ĝ))θ} as a set, endowed with the graph norm of L̂ĝ with respect to
(E0, D̂(ĝ))θ.
1If X is a Banach space with subspace Y and L : D(L) ⊆ X→ X is linear, then LY, the part of
L in Y, is defined by the action LY : x 7→ Lx on the domain D(LY) = {x ∈ D(L) : Lx ∈ Y}.
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(7) E1 ↪→ Xβ ↪→ E0 is a continuous and dense inclusion such that there exist
C > 0 and δ ∈ (0, 1) such that for all η ∈ E1, one has
‖η‖Xβ ≤ C‖η‖1−δE0 ‖η‖δE1 .
Let LCg denote the complexification of the linearization Lg of (A.2) at a stationary
solution g of (A.2 ).2 Suppose there exists λs > 0 such that the spectrum σ of L
C
g
admits the decomposition σ = σs∪{0}, where 0 is an eigenvalue of finite multiplicity
and σs ⊆ {z : Re z ≤ −λs}. If the above Assumptions hold, then:
(1) For each α ∈ [0, 1], there is a direct-sum decomposition Xα = Xsα ⊕ Xcα,
where Xcα is the finite-dimensional algebraic eigenspace corresponding to
the null eigenvalue of LCg .
(2) For each r ∈ N, there exists dr > 0 such that for all d ∈ (0, dr], there
exists a bounded Cr map γrd : B(Xc1,g, d) → Xs1 such that γrd(g) = 0 and
Dγrd(g) = 0. The image of γ
r
d lies in the closed ball B¯(Xs1,g, d). Its graph
is a local Cr center manifold Γrloc = {(h, γrd(h)) : h ∈ B(Xc1,g, d)} ⊂ X1
satisfying TgΓ
r
loc
∼= Xc1. Moreover, Γrloc is invariant for solutions of (A.2)
as long as they remain in B(Xc1,g, d)×B(Xs1, 0, d).
(3) Fix λ ∈ (0, λs). Then for each α ∈ (0, 1), there exist C > 0 and d ∈ (0, dr]
such that for each initial datum g˜(0) ∈ B(Xα,g, d) and all times τ ≥ 0 such
that g˜(τ) ∈ B(Xα,g, d), the center manifold Γrloc is exponentially attractive
in the stronger space X1 in the sense that
‖pisg˜(τ)− γrd(picg˜(τ))‖X1 ≤
Cα
τ1−α
e−λτ‖pisg˜(0)− γrd(picg˜(0))‖Xα .
Here, g˜(τ) is the unique solution of (A.2), while pis and pic denote the
projections onto Xsα ∼= (Xs1,Xs0)α and Xcα, respectively.
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